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MATHEMATICS.—Tables of the exponential function. C. E. 
Van OrnstRAND. U. S. Geological Survey. 

The most important tables of extended values of the expo- 
nential function have been constructed by Schulze, Newman, 
Glaisher and Burgess.” 

Schulze gives values of the ascending exponential at intervals 
of unity between the limits 1 and 24 inclusive to 28 or 29 signi- 
ficant figures, and for the special arguments 25, 30 and 60 his. 
values include 32 or 33 figures. In so far as I have been able 


to ascertain, Schulze gives no information regarding methods of 
computation or accuracy of results. Glaisher verified the first 
15 figures of Schulze’s value of e* by direct substitution in the 
series; the first 23 decimals of e'° with his table of factorials;* 
also the first 13 powers of e were verified to 22 places of deci- 
mals, and the values of e,e", . . . e*® to 15 places of decimals 


by means of the relation 


Sn dt Pte « ehh 


e—1 


1 Published with the permission of the Director of the U. 8S. Geological Survey. 
2? Schulze, Sammlung logarithmischer trigonometrischer . . . . Tafeln 
(Berlin 1778). F. W. Newman, table of the descending exponential function 
to twelve or fourteen places of decimals. Camb. Phil. Soc. Trans. 13. 1883. 
J. W. L. Glaisher, Tables of the exponential function. Camb. Phil. Soc., Trans. 
2 é 
13. 1883. James Burgess, On the definite integral ae dt, with extended 
™ Jo 
tables of values. Trans. Roy. Soc. Edinburgh 39. 1900. 


3 Glaisher, |. c. 
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The first table by Newman contains 370 18-place values of 
the descending exponential between the limits 0.1 and 37.0. This 
is hardly the equivalent of a 16-place table as the original com- 
putation included only 18 decimals. His second table contains 
12-place values of e-* at intervals of 0.001 from x = 0.001 to 
xz = 15.349, and 14-place values of the same function from z = 
15.350 to x = 27.635, the interval being 0.002 from x = 15.350 
to x = 17.298, and 0.005 from x = 17.300 to x = 27.635. The 
formula used was 

h? 2 h3 
M+N =e*** =e"*[1+#h+— +—+---], 
, ae 
wherein h assumes the constant values 1, 0.1, 0.01, . 
dependent upon the interval of interpolation. Having given 
e-* and e-* +» the value of e-* — * is computed from the formula 


by putting 
M= > A” em and N = eS nh o-, 
m: n: 


m being an even and n an odd integer. The values of the 
separate terms in these expressions may be computed by suc- 
cessive divisions. Then the appropriate summations give 

M + N =e7=+ h, 
a known quantity, and 

M —N =e-*~s 
the quantity to be determined. The equation for M + N, pro- 
vides a check on the values of M and N, but the difference which 
is the quantity sought is not verified by this method until an- 
other interpolation is made. 

Glaisher gives 10-place logarithmic values and 9 significant 
figures of the natural values of both the ascending and descend- 
ing function for the following ranges of argument: 

From x = 0.001 to x = 0.100 at intervals of 0.001 

“ 2=0.01 “ 2 =2.00 “ « 0.01 
So ig=z01 “2 =100 “ ” oat 
“ 2=1 “2=6500 “ - “ unity. 
Since the natural values were computed from the logarithmic 
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values, the maximum tabular error is one unit in the ninth sig- 
nificant figure with the exception of values of e-* contained in 
Newman’s tables. The remaining values of Glaisher’s tables 
were checked either by differences or by duplicate computation. 
Mr. Shanks‘ had previously obtained the value of e to 137 places 
by direct substitution in the series. Glaisher verified this result 
by means of the continued fraction® 


oP con cote ae cee ee 

2 i+ Ce Be: Bese: = 
“He also evaluated e-"° to 32 places of decimals, using the for- 
mula : 


The quantity y X 10~" is here an approximate value of e**. 
Burgess gives 30-place values of e-* for x = 0.5, 1,2, . 
10; and 14 values of e~ at irregular intervals between the limits 
1.0 and 3.0, ranging in extent from 23 to 27 decimals. These 
values were used in his evaluation of the probability integral, 
but no information seems to have been given with regard to 
either method or accuracy of computation. 
The present table has been computed roughly to 35 decimals 
or significant figures by means of the derivative formula 


ez+Az — et edz, 


A ten-groove computing machine of the millionaire type was 
used in making the computations. In a few instances the eval- 
uation was carried to 40 or more decimals for the purpose of 
obtaining a complete check on my own values and the more 
extended values given by Schulze and Glaisher. 

In order to obtain a check on the successive computations, 
the value of the constant factors e**! were evaluated from the 
series with the aid of Glaisher’s table of factorials. The value 
of e is well known and its reciprocal to 44 places of decimals 

4 One year later the value of e was given to 205 places. See Proc. Roy. Soc. 6: 


397. 1854. 
5 Chrystals Algebra 2: 495; A. Hall, Math. Monthly. 1861. 
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was given by Schulze and repeated by Glaisher. This value I 
also computed by reciprocation and found the error to be 1 ynit 
in the 44th decimal. Ten interpolations between the limits x = 
+ 0.1 and x = = 1.0 thus suffice to check the constant factors 
e~°1 and the successive powers e*®?, e~°%, . . . e*°%, Proceed- 
ing in this way, the functions were first evaluated at intervals 
of unity by repeated multiplications by the factors e*'° and with 
these values as a basis, the values at intervals of 0.1 and 0.5 
were obtained by successive multiplications by the factors e*! 
and e*°5, a check being obtained on the fifth and tenth interpo- , 
lations. Further independent checks were obtained by use of 
the factors, e**® and e*!°°, The maximum difference between 
any value obtained by use of the factors e*®°! as compared with 
the value obtained by use of the factors e*°* and e*"° was about 
15 units in the 35th decimal or significant figure. Comparisons 
based on the other factors just mentioned showed differences of 
the same order of magnitude. Another check consisted in com- 
puting a few isolated values by means of equation (1). 

The applications of the exponential function in pure. and applied 
mathematics are so numerous and many of them so well known 
that it would be useless to attempt a discussion of them in this 
paper. It appears desirable, however, to call attention to a 
simple check which this function provides for the evaluation of 
sin x and cos xz. We may evidently write 


2 


Pou ie eee a Wk 2|z x! | 
é= sine +cose+2[2 + 7 4 +2 3. tz7.t | 
Since all of the quantities in the right-hand member of the above 
equation are known, the value of e* is readily obtained by a 
simple summation. I have applied this check to my values* of 
sin x and cos zx for zx = 0.1, 0.2, . . . 1.6. No errors were 
discovered. 

In the following table the values from x = 0.0 to x = 32.0 
have been tabulated to either 20 decimals or 20 (sometimes more) 
significant figures. The tabular error is always <5 units in the 
next succeeding tabular value. The more extended values are to 


6 This Journal 2: 299. 1912. 
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TABLE OF THE EXPONENTIAL FUNCTION 


r 
e 


.00000 00000 00000 00000 
.10517 09180 75647 62481 
.22140 27581 60169 83392 
.34985 88075 76003 10398 
.49182 46976 41270 31782 


.64872 12707 00128 14685 
82211 88003 90508 97488 
01375 27074 70476 52162 
22554 09284 92467 60458 
45960 31111 56949 66380 


71828 18284 59045 23536 
.00416 60239 46433 11206 
32011 69227 36547 48953 
66929 66676 19244 22046 
.05519 99668 44674 58722 


48168 90703 38064 82260 
.95303 24243 95114 80365 
47394 73917 27199 76079 
04964 74644 12946 08373 
68589 44422 79269 41607 

.38905 60989 30650 22723 

.16616 99125 67650 07345 
9.02501 34994 34120 92647 
9.97418 24548 14720 73996 
02317 63806 41601 65224 


.18249 39607 03473 43807 
.46373 80350 01690 39775 
.87973 17248 72834 11187 
}.44464 67710 97049 87150 
.17414 53694 43060 94268 


20.08553 69231 87667 74093 
22.19795 12814 41633 40483 
24.53253 01971 09348 64356 
27.11263 89206 57887 42682 
29.96410 00473 97013 34816 


33.11545 19586 92313 75065 
36 .59823 44436 77987 75259 
40 .44730 43600 67390 52889 
44.70118 44933 00823 03756 
49 .40244 91055 30173 87976 


54.59815 00331 44239 07811 


— et 


wonwwWw ee 


oe wm WW W bo 


om 


1.00000 00000 00000 00000 
0.90483 74180 35959 57316 
.81873 07530 77981 85867 
.74081 82206 81717 86607 
.67032 00460 35639 30074 


0.60653 06597 12633 42360 
.54881 16360 94026 43263 
.49658 53037 91409 51470 
.44932 89641 17221 59143 
.40656 96597 40599 11188 


0.36787 94411 71442 32160 
.33287 10836 98079 55329 
.30119 42119 12202 09664 
.27253 17930 34012 60312 
. 24659 69639 41606 47694 


.22313 01601 48429 82893 
20189 65179 94655 40849 
18268 35240 52734 65022 
.16529 88882 21586 53830 
14956 86192 22635 05264 


. 13533 52832 36612 69189 
.12245 64282 52981 91022 
.11080 31583 62333 88333 
.10025 88437 22803 73373 
.09071 79532 89412 50338 


0.08208 49986 23898 79517 
.07427 35782 14333 88043 
.06720 55127 39749 76513 
.06081 00626 25217 96500 
.05502 32200 56407 22903 


0.04978 70683 67863 94298 
.04504 92023 93557 80607 
.04076 22039 78366 21517 
.03688 31674 01240 00545 
.03337 32699 60326 07948 

0.03019 73834 22318 50074 
.02732 37224 47292 56080 
.02472 35264 70339 39120 
.02237 07718 56165 59578 
.02024 19114 45804 38847 


0.01831 56388 88734 18029 
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TABLE OF THE EXPONENTIAL FuncTion—Continued 


e* 


54.59815 00331 44239 078 
60 .34028 75973 61969 497 
66 .68633 16409 25141 645 
73.69979 36995 95796 912 
81.45086 86649 68117 444 


90.01713 13005 21813 550 
99.48431 56419 33808 735 
109.94717 24521 23498 880 
121.51041 75187 34880 757 
134.28977 96849 35484 840 


148 .41315 91025 76603 421 
164.02190 72999 01743 945 
181.27224 18751 51179 370 
200 .33680 99747 91684 835 
221.40641 62041 87087 025 


244 .69193 22642 20387 915 
270.42640 74261 52628 153 
298 .86740 09670 60232 672 
330.29955 99096 48654 120 
365 .03746 78653 28777 315 


403 .42879 34927 35122 608 
445 .85777 00825 16931 792 
492 .74904 10932 56254 570 
544.57191 01259 29033 059 
601 .84503 78720 82056 609 


665.14163 30443 61840 694 
735 .09518 92419 72894 907 
812.40582 51675 43113 472 
897 .84729 16504 17697 578 
992 .27471 56050 25876 973 


1096 .63315 84284 58599 264 
1211.96707 44925 76721 198 
1339 .43076 43944 17829 687 
1480.29992 75845 45222 837 
1635 .98442 99959 26540 066 


1808 .04241 44560 63206 904 
1998 .19589 51041 17959 252 
2208 .34799 18872.08523 980 
2440.60197 76244 99077 249 
2697 .28232 82685 08847 211 


2980.95798 70417 28274 744 


-z 
e 


0.01831 56388 88734 18029 
.01657 26754 01761 24754 
.01499 55768 20477 70621 
.01356 85590 12200 93176 
.01227 73399 03068 44118 


0.01110 89965 38242 30650 
.01005 18357 44633 58164 
.00909 52771 01695 81709 
-.00822 97470 49020 02884 
.00744 65830 70924 34052 


0.00673 79469 99085 46710 
.00609 67465 65515 63611 
.00551 65644 20760 77242 
.00499 15939 06910 21621 
.00451 65809 42612 66798 


0.00408 67714 38464 06699 
.00369 78637 16482 93082 
.00334 59654 57471 27277 
.00302 75547 45375 81475 
.00273 94448 18768 36923 


0.00247 87521 76666 35842 
.00224 28677 19485 80247 
.00202 94306 36295 73436 
.00183 63047 77028 90683 
.00166 15572 73173 93450 


0.00150 84391 92977 57245 
.00136 03680 37547 89342 
.00123 09119 02673 48118 
.00111 37751 47844 80308 
.00100 77854 29048 51076 


0.00091 18819 65554 51621 
.00082 51049 23265 90427 
.00074 65858 08376 67937 
.00067 55387 75193 84424 
.00061 12527 61129 57256 


0.00055 30843 70147 83358 
.00050 04514 33440 61070 
.00045 28271 82886 79706 
.00040 97349 78979 78671 
.00037 07435 40459 08837 


0.00033 54626 27902 51184 
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TABLE OF THE EXPONENTIAL FuNncTion—Continued 


2 | - 
e | en" 


i. 
| 


RPwWNRSO CHNSSD PwoNWHS 


5 
6 
7 
8 
9 
0 
a 
.2 
3 
4 
5 
6 
me 
8 
9 


_ 
— 


2980.95798 70417 28274 7 
3294 .46807 52838 41333 1 
3640 .95030 73323 54721 6 
4023 .87239 38223 09841 5 
4447 .06674 76998 56085 6 


4914.76884 02991 34375 4 
5431.65959 13629 80321 6 
6002.91221 72610 21980 1 
6634 .24400 62778 85158 5 
7331 .97353 91559 92905 2 


8103 .08392 75753 84007 7 
8955 .29270 34825 11710 8 
9897 .12905 87439 15886 9 
10938 .01920 81651 83753 3 
12088.38073 02169 84397 6 


13359 .72682 96618 72275 9 
14764.78156 55772 72615 6 
16317 .60719 80154 32232 8 
18033 .74492 78285 11246 0 
19930.37043 82302 89490 6 


22026 .46579 48067 16517 0 
24343 .00942 44083 88346 0 
26903 . 18607 42975 60999 0 
29732 .61885 28914 13820 8 
32859 .62567 44433 12762 3 


36315 .50267 42466 37738 9 
40134 .83743 08757 93109 5 
44355 .85513 02978 66938 6 
49020.80113 63817 18305 1 
54176 .36379 66987 33990 0 


59874.14171 51978 18455 3 
66171.16016 83766 04182 3 
73130.44183 34154 97311 6 
80821 .63754 03135 52465 4 
89321 .72336 08055 55699 4 


98715.77101 07604 97428 1 
09097 .79927 65075 80429 2 
20571.71498 64506 07884 3 
1 33252 .35294 55309 39735 4 
1 47266 .62524 05526 56665 7 


1 62754.79141 90039 20808 0 





0.00033 54626 27902 51184 
.00030 35391 38078 86666 
.00027 46535 69972 14233 
.00024 85168 27107 95202 
.00022 48673 24178 84827 


0.00020 34683 69010 64417 
.00018 41057 93667 57912 
.00016 65858 10987 63341 
.00015 07330 75095 47660 
.00013 63889 26482 01145 


0.00012 34098 04086 67955 
.00011 16658 08490 11474 
.00010 10394 01837 09335 
.00009 14242 31478 17334 
.00008 27240 65556 63226 


0.00007 48518 29887 70059 
.00006 77287 36490 85387 
.00006 12°34 95053 22210 
.00005 54515 99432 17698 
.00005 01746 82056 17530 


0.00004 53999 29762 48485 
.00004 10795 55225 30071 
.00003 71703 18684 12670 
.00003 36330 95185 71899 
.00003 04324 83008 40364 


0.00002 75364 49349 74716 
.00002 49160 09731 50320 
.00002 25449 37913 21219 
.00002 03995 03411 17194 
.00001 84582 33995 78056 


0.00001 67017 00790 24566 
.00001 51123 23819 85503 
.00001 36741 96065 68095 
.00001 23729 24261 78823 
.00001 11954 84842 59094 


0.00001 01300 93598 63071 
.00000 91660 87736 24761 
.00000 82938 19160 75737 
.00000 75045 57915 07686 
.00000 67904 04807 37947 


0.00000 61442 12353 32821 
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TABLE OF THE EXPONENTIAL FuNcTION—Continued 


1 
1 
1 





2 


z 
e 


62754.79141 
79871 .86225 
98789 .15114 
19695 . 98867 
42801 .61749 


2 68337 . 28652 
2 96558 . 56529 


27747 .90187 
62217 . 44961 
00312. 19132 
42413 .39200 
88942. 41461 


5 40364 .93724 
5 97195.61379 


3 60003 


8 06129. 
8 90911. 


19 
21 
24 
26 
29 
32 
36 
39 
44 
48 
53 
59 
65 
72 


80 





3 29083. 


22476 


29416 . 36984 
75912 
16597 
11122 
35540 

28416 


88161 
2604 


68864. 18965 
23345 .98500 
94074. 77260 
82759. 26353 
91287. 87560 
21747 63325 
76445.05518 
57929. 23882 
69017 . 37247 
12822. 93074 
92786. 83521 


90039 

7510 
29545 
21377 
83235 
08744 
82029 
38118 
12478 
98824 
89205 
54600 
66919 
28162 
61566 


77013 
39902 
91609 
90349 
26400 
47767 


28081 : 


84583 
62144 


75687 
68098 
24135 
23613 
21106 
02438 
09471 


2081 
9920 
3040 
3472 
4102 
5696 
2813 
2492 
8501 
5794 
0333 
5914 
4289 
5102 
2768 
3186 
1700 
4551 
8465 
4287 


4606 
6714 
3073 
5075 
6594 
3726 
3930 
4433 
8256 


12711 .89235 04420 6186 


76800 . 85327 


89698 . 47628 
56538 .01318 


22664 


30123 
46158 


0485 


6782 
9453 


82992 .58458 37360 0443 


75331 .95838 


95879 


2106 


40485 .29975 85202 6673 
88 86110.52050 78726 3676 


e’* 


0.00000 61442 12353 
.00000 55595 13241 
.00000 50304 55607 
.00000 45517 44463 
00000 41185 88707 

0.00000 37266 53172 
.00000 33720 15234 
.00000 30511 25558 
- 00000 27607 72572 
.00000 24980 50325 


0.00000 22603 29406 
.00000 20452 30624 
.00000 18506 01197 
.00000 16744 93209 
00000 15151 44112 


0.00000 13709 59086 
.00000 12404 95079 
.00000 11224 46365 
.00000 10156 31471 
.00000 09189 81357 


0.00000 08315 28719 
.00000 07523 98299 
.00000 06807 98134 
.00000 06160 11626 
.00000 05573 90369 


0.00000 05043 47662 
.00000 04563 52636 
.00000 04129 24941 
.00000 03736 29937 
.00000 03380 74348 


0.00000 03059 02320 
00000 02767 91865 
.00000 02504 51637 
00000 02266 18012 
.00000 02050 52457 


0.00000 01855 39136 
.00000 01678 82752 
.00000 01519 06596 
.00000 01374 50772 
.00000 01243 70602 


0.00000 01125 35174 


32821 
65014 
11144 
08323 
53571 
07867 
13918 
03642 
03720 
86664 


98105 
52349 
58191 
43427 
14325 
38408 
95671 
23434 
00249 
89796 


10357 
21642 
39763 
13205 
26946 


56789 
79040 
58733 
98853 
39047 
50183 
85408 
23276 
77657 
56119 
26160 
99957 
75690 
79214 
36029 


71926 
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TABLE OF THE EXPONENTIAL FuNcTtion—Continued 


| ‘i 
e e * 


16 


1 
2 
3 
4 
5 
6 
7 
8 
9 
0 
1 

2 
3 
4 
5 
6 
a 
8 
.9 
0 
4 
2 
3 
4 


© > oo 


SOEMNAM RON H OS CHONOSD 


8 


88 86110.52050 78726 368 
98 20670.92207 13565 829 
108 53519.89906 44180 455 
119 94994.55120 13332 337 
132 56519.14046 35683 002 


146 50719.42895 35169 101 
161 91549 .04176 52861 894 
178 94429.11955 46139 056 
197 76402.65849 77754 614 
218 56305 .08232 56648 961 


241 54952.75357 52982 148 
266 95351 .31074 27049 134 
295 02925.91644 54583 711 
326 05775.72099 58447 954 
360 34955 .08814 16391 553 


398 24784.39757 62250 219 
440 13193 .53483 40439 307 
486 42101 .50633 36988 598 
537 57835.97888 36562 281 
594 11596 .94254 29315 756 


656 59969. 13733 05111 388 
725 65488 .37232 22497 751 
801 97267 .40504 71134 145 
886 31687 .64519 41289 611 
979 53163.60543 32304 455 


1082 54987 .75023 07572 487 
1196 40264.19819 05133 978 
1322 22940.62272 72454 491 
1461 28948.67868 13129 204 
1614 97464.36864 74215 134 


1784 82300.96318 72608 449 
1972 53448.41573 97114 127 
2179 98774.67921 04573 696 
2409 25905 .95158 92662 027 
2662 64304.66872 50454 290 


2942 67566.04150 88065 667 
3252 15956.12198 05562 885 
3594 19216.80017 87860 031 
3972 19665 .80508 38215 537 
4389 95622.73550 64203 802 


4851 65195.40979 02779 691 





0.00000 01125 35174 71926 
.00000 01018 26036 93120 
.00000 00921 36008 34566 
.00000 00833 68107 89963 
.00000 00754 34583 49844 


0.00000 00682 56033 76335 
.00000 00617 60613 35580 
.00000 00558 83313 92518 
.00000 00505 65313 48336 
00000 00457 53387 69446 


0.00000 00413 99377 18785 
.00000 00374 59705 56295 
.00000 00338 94943 26197 
.00000 00306 69412 94564 
.00000 00277 50832 42241 


0.00000 00251 09991 55744 
.00000 00227 20459 92774 
.00000 00205 58322 29760 
.00000 00186 01939 26692 
.00000 00168 31730 69674 


0.00000 00152 29979 74471 
.00000 00137 80655 54895 
.00000 00124 69252 78575 
.00000 00112 82646 49550 
.00000 00102 08960 72360 


0.00000 00092 37449 66197 
.00000 00083 58390 10137 
.00000 00075 62984 11827 
.00000 00068 43271 02222 
.00000 00061 92047 68266 


0.00000 00056 02796 43754 
.00000 00050 69619 86232 
.00000 00045 87181 74665 
.00000 00041 50653 68770 
.00000 00037 55666 76594 


0.00000 00033 98267 81950 
.00000 00030 74879 87959 
.00000 00027 82266 37102 
.00000 00025 17498 71944 
.00000 00022 77927 04121 


0.00000 00020 61153 62244 
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TABLE OF THE EXPONENTIAL Function—Continued 


| 
-2z 
e e 


4851 65195.40979 02779 7 0.00000 00020 61153 62244 


8 


8 


bo 
= 


to 
= 


8 


8 


3 


8 


0 
2 
3 
4 
5 
6 
7 
8 
9 
.0 
Al 
2 
3 
4 

5 
6 
7 
8 
9 
0 
1 
2 
3 
4 
5 
6 
Pe 
8 
9 
0 
| 
2 
3 
4 
5 
6 
8 
9 
0 


PS 





5361 90464 .42938 89023 6 
5925 82107 .83683 56144 9 
6549 04512.15323 80392 4 
7237 81420.94827 82113 2 


7999 02177 .47550 54067 0 
8840 28623 .85131 39326 5 
9770 02725 .82690 79801 1 
10797 54999 .46453 41371 3 
11933 13824.05498 96018 6 


13188 15734.48321 46972 1 
14575 16796.05142 39203 8 
16108 05175 .60282 86330 4 
17802 15034.76198 29093 5 
19674 41884.33997 16024 6 


21743 59553 .57648 85454 9 
24030 38944 .05268 31647 5 
26557 68755 .97023 86819 9 
29350 78394. 23224 92632 9 
32437 63283 .57765 25326 8 


35849 12846.13159 15616 8 
39619 41421 .38043 39369 9 
43786 22438 .02895 04595 5 
48391 26179.74308 56773 5 
53480 61522.75056 74038 5 


59105 22063 .02329 06142 7 
65321 37094.69782 08990 2 
72191 27949.94318 43117 3 
79783 70264.14427 69362 6 
88174 62789.57177 77864 5 


97448 03446. 24890 26000 3 
07696 73371 .15763 45779 4 
19023 29806 .97713 79397 3 
31541 08760.01606 93214 9 
45375 38454.77387 81110 0 
60664 64720.62247 86090 6 
77561 89565 .52034 81110 5 
96236 24323.65135 78359 1 
2 16874 58909.74138 08217 4 
2 39683 48874.00676 57400 7 


2 64891 22129.84347 22941 4 





.00000 00018 65008 92190 
.00000 00016 87529 85751 
.00000 00015 26940 15913 
.00000 00013 81632 59108 


0.00000 00012 50152 86639 
.00000 00011 31185 09177 
.00000 00010 23538 59776 
..00000 00009 26136 02206 
.00000 00008 38002 52695 


0.00000 00007 58256 04279 
.00000 00006 86098 43997 
.00000 00006 20807 54094 
.00000 00005 61729 89244 
.00000 00005 08274 22551 


0.00000 00004 59905 53787 
.00000 00004 16139 73942 
.00000 00003 76538 80736 
.00000 00003 40706 40224 
.00000 00003 08283 90131 


0.00000 00002 78946 80929 
.00000 00002 52401 51068 
.00000 00002 28382 33124 
.00000 00002 06648 87892 
.00000 00001 86983 63804 


J 
0.00000 00001 69189 79226 
.00000 00001 53089 25479 
.00000 00001 38520 88603 
.00000 00001 25338 88086 
.00000 00001 13411 30934 


0.00000 00001 02618 79632 
.00000 00000 92853 32670 
.00000 00000 84017 16439 
.00000 00000 76021 87410 
.00000 00000 68787 43627 


0.00000 00000 62241 44623 
.00000 00000 56318 38950 
.00000 00000 50958 98614 
.00000 00000 46109 59745 
.00000 00000 41721 68910 


0.00000 00000 37751 34544 





z 
e 








SOMNAM PHONES CHMHNAM PwWHNHH OS CHNRST PwndHo SHAD 


8 


& 


| 





2 64891 22129.84347 2294 
2 92750 07423.25706 4644 
3 23538 86830.63240 9461 
3 57565 74811 .92562 5176 
3 95171 26612.13642 0480 


4 36731 79097 .64641 4530 
4 82663 27438.62807 1853 
5 33425 41407 .48840 7859 
5 89526 25459 .80221 2347 
6 51527 27202.37940 9210 


7 20048 99337 .38587 2524 
7 95777 20706 .64333 6067 
8 79469 82651 .72848 9980 
9 71964 47559.19382 9904 
10 74186 87182.68578 4733 


11 87160 09132.16965 0965 
13 12014 80802.87690 0607 
14 50000 60991 .79992 1679 
16 02498 50527 .33242 0126 
17 71034 74428.77727 5411 


19 57296 09428 .83876 4270 
21 63146 72147 .05767 2841 
23 90646 84809.99645 0452 
26 42073 37190.92910 8305 
29 19942 65405 .62132 1415 


32 27035 70371 .15483 0785 
35 66426 01133.37854 3676 
39 41510 30919 .46297 1238 
43 56042 56701 .72586 5296 
48 14171 56296.70645 4111 


53 20482 40601.79861 6684 
58 80042 4252642283 5338 
64 98451 88545 .30248 8513 
71 81900 03631 .65428 0827 
79 37227 05666 .34806 3338 


87 71992 51318.76492 8310 
96 94551 01915.23018 6295 
107 14135 85016.77547 8991 
118 40951 35391.71069 4413 
130 86275 07869.76518 2279 


144 62570 64291 .47517 3677 





VAN ORSTRAND: EXPONENTIAL FUNCTION TABLES 


TABLE OF THE EXPONENTIAL FunctTion—Continued 


0.00000 00000 37751 34544 
.00000 00000 34158 82994 
.00000 00000 30908 18748 
.00000 00000 27966 88456 
.00000 00000 25305 48362 


0.00000 00000 22897 34846 
.00000 00000 20718 37766 
.00000 00000 18746 76335 
.00000 00000 16962 77294 
.00000 00000 15348 55167 


0.00000 00000 13887 94386 
.00000 00000 12566 33127 
.00000 00000 11370 48674 
.00000 00000 10288 44186 
.00000 00000 09309 36717 


0.00000 00000 08423 46375 
.00000 00000 07621 86519 


0.00000 00000 05109 08903 
.00000 00000 04622 89492 
.00000 00000 04182 96831 
.00000 00000 03784 90624 
.00000 00000 03424 72479 


0.00000 00000 03098 81914 


0.00000 00000 01879 52882 
.00000 00000 01700 66800 
.00000 00000 01538 82804 
.00000 00000 01392 38919 
.00000 00000 01259 88584 


0.00000 00000 01139 99185 
.00000 00000 01031 50728 
.00000 00000 00933 34639 
.00000 00000 00844 52674 
.00000 00000 00764 15939 


0.00000 00000 00691 44001 





355 


356 


Rwonweo 


% 


e. | 
Neo Canoe 


& 
on iP & 





z 
e 


144 62570 64291.47517 37 
159 83612 47516.40054 90 
176 64623 67334.23784 68 
195 22428 36252.86153 64 
215 75620 07648.18119 79 


238 44747 84797 .67787 68 
263 52521 87043.08195 73 
291 24040 78915.26116 10 
321 87042 89702.04007 26 
355 72183 74864 .02890 80 


393 13342 97144.04207 44 
434 47963 34436.96185 95 
480 17425 53781 .40567 44 
530 67462 26525.50089 96 
586 .48615 99163 .66652 72 


648 16744 77934.32021 79 
716 33581 33446 .16669 SO 
791 67350 84845.35758 17 
874 93453 81880.23393 20 
966 95220 68253 .50589 75 


1068 64745 81524.46214 70 
1181 03809 24255 .46209 01 
1305 24895 28882.52476 97 
1442 52318 35807 .87724 47 
1594 23467 11433.85149 18 


1761 90179 51355.63141 22 
1947 20262 44891 .01937 18 
2151 99171 21859.31322 48 
2378 31865 62477 .10567 99 
2628 44861 28017 .22881 21 


2904 88496 65247 .42523 11 
3210 39438 53582.96612 05 
3548 03451 02513.33135 61 

21 18455 70585 .46635 66 
4333 57913 68684.45663 27 


4789 34563 32463.72707 54 
5293 04551 04764.87666 92 
5849 71996 62294.84813 16 
6464 94038 55632.86150 88 
7144 86410 12173.08287 19 


7896 29601 82680.69516 10 


VAN ORSTRAND: EXPONENTIAL FUNCTION TABLES 


TABLE OF THE EXPONENTIAL FuNcTION—Continued 


e”* 


0.00000 00000 00691 44001 
.00000 00000 00625 64079 
00000 00000 00566 10320 
.00000 00000 00512 23136 
.00000 00000 00463 48610 


0.00000 00000 00419 37957 
.00000 00000 00379 47032 
.00000 00000 00843 35895 
.00000 00000 00310 68402 
00000 00000 00281 11853 


0.00000 00000 00254 36656 
.00000 00000 00230 16039 
.00000 00000 00208 2577 
.00000 00000 00188 43939 
.00000 00000 00170 50701 


0.00000 00000 00154 28112 
.00000 00000 00139 59933 
.00000 00000 00126 31470 
00000 00000 00114 29427 
.00000 00000 00103 41773 


0.00000 00000 00093 57623 
.00000 00000 00084 67127 
.00000 00000 00076 €1374 
.00000 00090 00069 32298 
.00000 00000 00062 72602 


0.00000 00000 00056 75685 
00000 00000 00051 35572 
.00000 00000 00046 46858 
.00000 00000 00042 04651 
.00000 00000 00038 04526 


0.00000 00000 00034 42477 
.00000 00000 00031 14882 
.00000 00000 00028 18462 
.00000 00000 00025 50250 
.00000 00000 00023 07561 


0.00000 00000 00020 87968 
.00000 00000 00018 89271 
.00000 00000 00017 09484 
.00000 00000 00015 46805 
.00000 00000 00013 99607 


0.00000 00000 00012 66417 





COBLENTZ: BISMUTH THERMOPILES 357 


be published elsewhere. Further interpolations are being made 
for the purpose of obtaining a complete table of this important 
function. 

Credit is due Messrs. R. Weinstein and A. G. Seiler for the 
thoro and careful manner in which the computations have been 
made. 


PHYSICS.—Summary of tests made on bismuth thermopiles. Wm. 
W. CoBLEntz, Bureau of Standards. 


During the past year various tests have been made in con- 
nection with the improvement of the radiation sensitivity of 
thermopiles made of bismuth and some other metal, e.g., silver, 
iron, etc. The results of these tests are now published with the 
hope that they may be useful to others. 

The term radiation sensitivity is to be emphasized for the 
thermojunction giving the highest thermal sensitivity (emf.) ; it 
is not necessarily the one having the highest radiation sensitivity. 

With reference to the radiation sensitivity, Johansen' has 
shown theoretically: (1) that the radii of the two wires of the 
element should be so chosen that the ratio between the heat 
conductivity and the electrical resistance is the same in both; 
(2) that the heat loss by conduction thru the wires should equal 
the heat loss by radiation from the junction; and (3) that the 
radiation sensitivity is proportional to the square root of the 
exposed surface. Johansen’s practice, however, was poor, in that 
he joined the “‘cold,”’ unexposed, junctions directly to the metal 
posts supporting the instrument and unfortunately some manufac- 
turers of thermopiles are now following his example. 

In the construction of thermopiles the most important desid- 
eratum is symmetry of the ‘‘hot’”’ and the “‘cold”’ junctions, just 
as is true of bolometers. The unexposed junctions must be cov- 
ered with receivers having the same size and emissivity as the 
exposed junctions. Furthermore all the junctions must be free 
from the supports so that they may quickly take the temperature 
of the surrounding air which becomes heated by the incident 


1 Johansen Ann. der Phys. (4) 33: 517. 1910, 
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radiations. If the unexposed junctions are joined directly to the 
metal pins used in supporting the elements, the galvanometer 
mirror will ‘‘drift,”’ so that it is practically impossible to use such 
an “unsymmetrical” thermopile with a sensitive galvanometer. 

The novelty in the thermopiles as constructed at the Bureau 
of Standards is the receiver, which, like a bolometer, can be made 
entirely opaque and can be built up so as to present a large sur- 
face.2. The square root law, cannot of course hold for a very 
large receiver attached to a thermojunction. With bismuth 
wire 0.1 mm. diameter it was found that the optimum length 
of receiver was 2.5 to 3 mm. which, however, is sufficiently long 
(loc. cit) to enable the construction of a large receiver by using 
many junctions. The importance of submitting the theoretical 
conclusions to experiment is further illustrated in connection 
with the square root law. For example: Four receivers each 
having exposed areas of 1 x 1 ;," are twice as sensitive as a 
single receiver 1 X 4 x. Experimentally however, with bis- 
muth wire, 0.1 mm. diameter, there is but little gain in sensi- 
tivity by placing more than two junctions per millimeter length 
of the composite receiver. 

In order to keep the resistance low, it was shown (loc. cit.) that 
the best diameter of bismuth wire is 0.1mm. The proper diam- 
eter of silver or copper wire is 0.036 to 0.038 mm. In spite of 
theory which would have required a wire having a larger diameter, 
it was found that an iron wire, 0.036 mm. in diameter, joined 
to bismuth (in these tests the receivers are the same size, loc. cit. 
figure 2, and they are exposed alternately, or simultaneously for 
the differential deflection) was about 9 per cent more sensitive 
radiometrically than a similar sample 0.0418 mm. in diameter. 
In order to still further reduce the resistance, two junctions are 
joined in parallel, by joining them to a single receiver. These 
pairs of junctions are then joined in series. 

It is found that the thermal emf. of various samples of bismuth 
varies from 75 to 82 mv. per degree with but little variation in 


2 Bull. Bur. Standards 9: 7. 1912. In further references this will be cited 
“loc. cit.’’ 
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resistance. It is therefore necessary to test the material to be 
used. 

In the following tests one end of the bismuth wire was joined 
to silver (0.36 mm.) and the other to iron, and both were covered 
with receivers of the same area. 

A sample of steel wire (0.036 mm. diameter) having an emf. 
of 9 mv. when joined with bismuth has a radiation sensitivity 
about 23 per cent higher than the other junction of bismuth sil- 
ver. A sample of iron wire (0.36 mm. joined to bismuth) hav- 
ing an emf. of 13.5 mv. was 28 per cent more sensitive than the 
junction of bismuth and silver. The increase in sensitivity 
of iron over steel was not so- marked as was anticipated. 
Since, however, it is difficult to place more than two junctions 
per millimeter length of receiver, it will be a decided advantage 
to use junctions of bismuth iron, when the instrument is in a 
vacuum to avoid rusting. The resistance is kept low by joining 
two junctions in parallel to the same receiver. 

For work in air exposed to sulphur fumes, a thermopile of bis- 
muth-copper (or pure gold) will probably outlast iron or silver. 
In all cases, however, the wires are given a thin coat of shellac. 

The bismuth wire cannot be rolled, but it can be easily flat- 
tened by pressing the wire (cut to the proper length for the 
thermopile) between plate glass. The samples tested were of 
0.1 mm. diameter and were pressed to a width of 0.25 to 0.3 mm. 
and a thickness of 0.04 mm. If pressed thinner the breakage is 
increased. 

To test the radiation sensitivity a flat bismuth wire 3 mm. long 
was welded to a similar piece of the round wire. The free ends 
were joined to silver wires (0.036 mm.) and to these junctions 
were attached receivers 1.5 x 1 mm. which were painted with 
lamp black and smoked. When exposed to radiation (either 
alternately or simultaneously) it was found that the flat wire had 
a radiation sensitivity about 9 per cent higher than the round 
wire. It is convenient to handle the flattened wire and therefore 
desirable to construct the thermopile of flattened wire which 
reduces the heat conduction. 
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Reduction of the gas pressure to 0.1 mm. pressure eliminates 
air currents and doubles the sensitivity. 

Owing to the high sensitivity of this device, it would seem de- 
sirable to attach it to a recording device and test its usefulness 
for measuring solar radiation at the earth’s surface and at the 
highest altitudes attainable with a balloon. Its application to 
the radiomicrometer (loc. cit) is also important. In this connec- 
tion it would seem desirable to construct the device in accordance 
with the resistance requirements for critical damping in moving 
coil galvanometers rather than adhering to the older theory worked 
out by Boys which requires but a single turn of wire and a single 
thermoelement. . 

The application of such instruments to the measurement of 
radiation from stars, fireflies, etc., seems futile, unless absorption 
screens are used to determine the quantity of radiation in differ- 
ent parts of the spectrum. Otherwise the measurement is but 
little more than a test of the sensitivity of radiometer. 





ABSTRACTS 


Authors of scientific papers are requested to see that abstracts, preferably 
prepared and signed by themselves, are forwarded promptly to the editors. Each 
of the scientific bureaus in Washington has a representative authorized to for- 
ward suclr material to this journal and abstracts of official publications should 
be transmitted thru the representative of the bureau in which they originate. 
The abstracts should conform in length and general style to those appearing in 
this issue. 


METEOROLOGY .—Atmospheric humidity as related to haze, fog, and 
visibility at Blue Hill. A. H. Patmer. Bulletin of the Mount 
Weather Observatory 5: 231-246. 1913. 

This is a detailed account of the conditions under which haze, fog, 
and different degrees of visibility occurred during a period of ten years 
at Blue Hill, Mass., and is of special value to any one who wishes to 
know the minutia of the local climate. W. J. Humpnreys. 


ELECTROCHEMISTRY.—Electrolysis in plain and reinforced con- 
crete. E. B. Rosa, Burton McCouuivm and O.S. Peters. Tech- 
nologic Paper No. 18, Bureau of Standards. 

This paper treats of the problems arising out of the passage of stray 
electric currents thru reinforced and non-reinforced concrete. The first 
part of the paper describes and gives the results of a large number of 
laboratory experiments. These experiments show that if iron is made 
anode in moist concrete at a temperature of 45°C., or more, rapid cor- 
rosion of the iron occurs. This is followed by cracking of the concrete 
which is due to the pressure developed by the formation of the rust 
on the surface of the iron. Below. 45°C. there is almost no corrosion 
of the anode. With continued application of the current there is an 
enormous rise in the resistance of the specimen which greatly reduces 
the flow of current and thus tends to protect the iron. The addition 
of salt to the concrete completely destroys the passivity of the iron 
at all temperatures. When the iron is made cathode the sodium and 
potassium in the cement are concentrated about the iron by the cur- 
rent, resulting in disintegration of the concrete in the immediate vicinity 
of the iron and destruction of the bond. The strength of non-reinforced 
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concrete is not affected by the passage of the current. Parts two and 
three of the paper consist of a discussion of the possibilities of trouble 
from stray currents occurring in practice, and precautions which should 
be taken to prevent damage where it is likely to occur. B. McC. 


GEOLOGY.—Coal fields of Grand Mesa and the West Elk Mountains, 
Colorado. Wiis T. Lez. Bulletin U. S. Geological Survey No. 
510. Pp. 237 with maps, sections, and illustrations. 1912. 

The coal fields of Grand Mesa and the West Elk Mountains lie in 
central western Colorado. Grand Mesa is a large lava-covered table- 
land rising about 10,000 feet above sea-level and 5000 feet above the 
surrounding country. The coal beds underlie the mesa and outcrop in 
its sides. The West Elk Mountains consist principally of igneous rock 
both intrusive and extrusive. The most conspicuous peaks are formed 
by the laccoliths exposed by erosion of the sedimentary rocks that once 
covered them. 

The sedimentary rocks described are principally of Cretaceous and 
Tertiary age. The Dakota sandstone rests unconformably on the Gun- 
nison formation which contains fossils that correlate it with the Mor- 
rison, and is overlain by the Mancos shale which is about 3000 feet 
thick and which is of Colorado age below and Montana above. This is 
followed by the Mesaverde formation nearly 3000 feet thick which is 
divisible into a basal sandstone (Rollins); a coal-bearing member of 
marine and brackish water origin (Bowie); a coal-bearing member of 
fresh-water origin (Paonia) ; and a. thick series of undifferentiated rocks. 
The non-marine beds contain fossil plants that seem to show that they 
are younger than Mesaverde. The Paonia shale is separated from the 
Bowie by an unconformity. (In the official publication these shales 
are given the rank of members of a formation. The writer personally 
dissents from a decision whereby rocks both above and below an 
unconformity are placed in a single formation and believes that the 
Rollins, the Bowie, and the Paonia, which ought properly to include the 
undifferentiated beds overlying it, should be raised to the rank of 
formations. ) 

The Tertiary beds lie unconformably upon the Mesaverdeand con- 
sist of the Ohio Creek conglomerate, the Wasatch, and the Green River 
formations. The Wasatch of the eastern part of the area described was 
formerly known as the Ruby formation, but this name has been aban- 
doned inasmuch as the Ruby seems to be a part of the Wasatch. 

Coal beds of little economic value occur at the base of the Mancos 
shale. High grade, bituminous coal is found in the Bowie shale, and a 
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lower grade, varying from subbituminous to bituminous coal, in the 
Paonia shale. In the West Elk Mountains the coals of both members 
have been changed to anthracite, presumably by the rock movements 
and the heat attending the intrusion of great masses of igneous rock. 
Some of the laccoliths were intruded below the coal beds, others within 
the coal-bearing rocks, and still others above them However, it is a 
fact worthy of.careful consideration in connection with the metamor- 
phism of coal, that some of the unmetamorphosed coals lie close to the 
igneous rock and that much of the anthracite lies at considerable dis- 
tances from any of the known intrusive masses. W. T. Lee. 


GEOLOGY.—Geology and ore deposits of the Butte district, Montana. 
Water Harvey Weep. U. 8. Geological Survey Professional 
Paper 74. Pp. 262, maps, and sections. 1912. 

A central mass of granitic rock is exposed in the Butte region for 
about 64 miles in length and 12 to 16 miles in width and is surrounded 
by upturned and folded sedimentary rocks whose edges are abruptly cut 
off by the granite. Remnants of a former capping of dark-colored, baked 
andesites occur as patches over the northern part of the granite region, 
and extensive areas of these same rocks form mountain masses flanking 
the granite on the east, north, and west, concealing the sedimentary 
contact in these areas. These andesitic rocks are partly intrusive but 
are mainly extrusive lavas or volcanic débris. The granite itself con- 
tains numerous patches and dikes of white aplite, in places tourmaline- 
bearing, that are regarded as a later siliceous phase of the granite itself. 
All these earlier rocks, including the sedimentary limestones, etc., are 
cut by rhyolitic dikes and capped by extensive accumulations of frag- 
mental rhyolitic rocks and lava flows. Mineral vein formation preceded 
this later voleanic period and is still in progress in some parts of the 
district. Over the northeastern part of the granite region quartz veins, 
usually barren, are extremely common and of unusual size, forming the 
crests of long, high ridges and dominating the local topography. The 
deeper older valleys of the district are filled by alluvial and lake beds 
largely composed of rhyolitic volcano dust and material washed down 
the slopes when the rhyolitic eruptions occurred. 

The metalliferous ores of the Butte district are of two distinct classes, 
copper and siliceous silver. The copper ores contain a little silver; the 
silver ores rarely contain copper; both copper and silver ores contain 
little gold and the high-grade silver ores contain it in important amounts. 
The typical ores of the two classes are distinctive and are characterized 
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by well-marked mineral association, but other ores occur which are not 
typical but are a mixture of both kinds. 

The wall rocks of the veins contain copper. Chemical analyses of 
fresh unaltered material show that the Butte quartz monzonite holds 
copper, though in less amount than the altered rock. 

The question as to the source of the copper in the lodes is complex, 
as the amount of copper present in the altered rocks is in excess of that 
in the fresh rock and there is no body of leached rock from which this 
excess of copper could have come. The evidence seems to indicate that 
the alteration of the rock and its impregnation with copper are due to 
a common cause, and that copper has been added to the rock, together 
with silica and iron, the two other constituents which are so abundant 
in the altered granite. 

Tho the evidence is not conclusive, it is believed to indicate that 
the copper and other metals of the quartz-pyrite veins are derived 
from magmatic emanations coming from a deep-seated mass of igneous 
magma. The rhyolite porphyry intrusion appears the most probable. 
A second and later mineralization occurred at the time of the rhyolitic 
eruption, forming the silver veins and the ores of the Blue vein and 
other fault vein series. 

The sequence of the vein systems is considered to be as follows: (1) 
East-west or Anaconda system (oldest); (2) Silverbow system; (3) Blue 
Vein system; (4) silver veins; (5) Steward system; (6) Mountain View 
fractures; (7) Rarus fault zone. The enargite veins are of different ages, 
but are all younger than the Anaconda system. 

The veins of the Anaconda and Silverbow systems are quartz-pyrite 
veins; those of the Blue and Steward systems are mineralized fault veins. 
Many of the most productive lodes of the district are compound or 
composite veins, due to a combination or superposition of the two types 
in one vein—that is, a reopening of an old vein with deposition of new 
material. As many of the older veins have been reopened in this way 
they have the characters of both the quartz-pyrite and fault veins. The 
four systems embrace practically all the productive veins of the dis- 
trict. It is not certain, however, that all the veins having a similar 
direction are of the same age. It is known that the district has been 
an area of movement and fracture ever since the time of the granite 
intrusion, and has continued so to the present day. The early fractures, 
tho cemented by mineral matter, have been lines of weakness and 
have been reopened either by direct fracture or during the straining of 
the rock mass by the faulting of blocks by other crossing fractures. 

W. H. W. 
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